Differentiation Techniques

Basic Differentiation, Chain Rule, Product Rule, Quotient Rule,
Tangents and Normals

Secondary 4 — G3 Additional Mathematics

Notes

Basic rules

d
The derivative aTy is the gradient function of the curve: it gives the gradient of the curve at every
T

point. A constant term has a horizontal graph, so its gradient, and hence its derivative, is 0.

>
>
>
>

y=12%—-22+2

y =k
gradient —2 gradient 2 gradient 0
at every point
gradient 0
O > T O > T
dy — d
—= =2x—2: at £ =0, 1, 2 the gradient is —2, 0, 2 so —(k)=0
dx dx

Three steps for every term. Before differentiating, write each term as a power of x: a fraction with
x in the denominator takes a negative index, and a root takes a fractional index.

Step 2
Step 1 Differentiate: multiply Step 3
Rewrite y in the form az™. by the power n, then Rewri dy . L
7 reduce the power by 1. SRFEE aE TG
Y= e > @ - Z(_4)x7471 > positive indices.
T dr = 2 dy 14
Yy=3Z =——=
d dx T
2 Y 14p75
dx

1 g 3 2
Index form at a glance — =a27", 2z =2 — =279 Va3 =2!5 2 = 3,
@ NZ3
k k
—=—zx "
ax™ a

dy dy

dr  du

A bracket raised to a power is a function of a function: y = (4z — 1)® is y = v® with u = 42 — 1.
Differentiate the outer power with the inside left unchanged, then multiply by the derivative of the inside.
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o, y
- dr 4 ] du N
> u=4x — > y=u

dy dy du 9
— =2 X — = 4 =124z — 1)?
dx duxd;v Ju” X (42 )

(iMw—U3: 34 — 1) x (4)

du N——r N —
outer: power rule, inner: derivative
inside unchanged of 4x—

Product rule

Picture uv as the area of a rectangle with sides u
and v. When z increases by a small amount, u grows

. ov
by du and v grows by dv. The area gains the two
shaded strips, udv and v du, together with a tiny
corner du dv, which is negligible when the changes
are small. Dividing the gain by the small change in
x gives the product rule: each factor is multiplied
by the derivative of the other, and the two products
are added. u Su

Su 0v

u OV

<
I
S

v oUu

Before using the rule, write down u, v, Tr and —
x

in a table. Then substitute, take out the common
factor and simplify.

Quotient rule

bottom X derivative top x derivative
of top of bottom

T e
du dv
— u=
dx
v2 <«——— bottom squared

d () Vdx

Because of the minus sign the order matters: always begin the numerator with v, the denominator. As
with the product rule, tabulate u, v and their derivatives first.

Gradient of a tangent

d
a represents the gradient function of a curve.

d
When we substitute any x-value into d—y, we obtain the gra-
7

dient of the tangent to the curve at that particular point.
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tangent

Key concepts

d
1) d—y is the gradient of the tangent to the curve at a
x
point.
2) The normal to the curve at a point is the line per-
pendicular to the tangent to the curve at the same

point.
d
3) Gradient of normal = —1 =+ &y (recall the gradients
x
of perpendicular lines: m; x mg = —1).

4) Both the tangent and the normal are straight lines of
the form y = mz + c.

3

normal

tangent

normal

. : _ 2 _
tangent: gradient m = 7 —12

normal: gradient —% =——
m
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Exercises

Section 1: Basic Differentiation

1. Find Z—y for each of the following.
x

2 4
(a) y=at— 322 (b) y=—223+72%2 -9 (c) y:3x5—;+?—5x
1 5 3V 5
g4 2
(g) y=6x B (h) y=5x"—2x+3/x
. dy .
2. Find . for each of the following.
x
223 — 7 x? — 4x 623 + 422 — 3z + 2
(d) y=(2?+3)
3. Differentiate each function with respect to x.
. 4 3 .
(a) y=>5x*—2234+62—1 (b) V=5 50 (c) y=4da3—9x+2
(@ y=20——> 4+ () y=b5—dz+6y7 (F) = —2g06
V=T e T v= Y=
3 3 2 a? , 42° — 20 +5
= — h — _ e
(8) y=g5Vu (h) y=—"7+F -3 (i) v .
, 3zt — 22+ /x 3\?
O y=EEEE w9y (o )
Section 2: Chain Rule
4.  Find the derivative of each expression with respect to x.
6 1 4
(a) 2(3z —1)* (b) Z (g +3) (c) (3933 . 2x>
() V3ZE6r—1 () ——
(22 — bz 4 1)3
5.  Find the derivative of each expression with respect to x.
1
V222 b) 4v223 +1
(a) x4 +9 ( ) 7+ (C) (1 + 4y — 2$2)4
15 5
d —- 2
(@) 3+ 52 (€) 2(4 — x2)
6. Find the derivative of each expression with respect to x.
4 1
a) — b x2 —4x +5 c) (22% —3x+m)4 d) ——
® g 0) v @ @ e
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Section 3: Product Rule

7.  Differentiate each of the following with respect to x, simplifying your answers.
(a) (z+2)vz—1 (b) xv2x+3 (¢) 2zv1-—a3 (d) (22 —2)(z+3)°
d
8.  The equation of a curve is y = 23(4 — ). Show that d—y can be written as kz?(3 — 2x)(4 — x)*,
x

where k is a constant, and state the value of k.

d
9. It is given that . [(Bz+1)Vz —2] = ;i;c% Find the values of the constants p and g.

Section 4: Quotient Rule

10. Differentiate each of the following with respect to x, simplifying your answers.

T+95 42 z? T
e b) — — d -
(a) V3T —2 (b) 222 + 1 () v 3z + 2 (@ z2+9

d [2 ba?
11. It is given that — zH5 = 0+ ax+be . Find the values of the constants a and b.
dx |22+ 3 (22 4 3)2

Va2+4 dy k

12. The equation of a curve is y = ————. Show that —— = ————=, where k is a constant, and
2x dr 2222 +4 ’

state the value of k.

Section 5: Equations of Tangents and Normals

d
13. The gradient function of a curve is d—y = kx — 2, where k is a constant. The curve passes through
x

1
the point (2,5), and the normal to the curve at the point where z = 3 has gradient — Find
(a) the value of k,
(b) the equation of the tangent to the curve at (2,5).
2 _

2z
to the curve at V.

x
14. The curve y = meets the negative x-axis at the point N. Find the equation of the normal

15. The line y = x + k is a normal to the curve y = 5 Find the value of k.

4
(z = 2)

5

© The Math Lab | For enrolled students only | Do not reproduce or distribute



Solutions to Exercises

Section 1 — Basic differentiation (Questions

1-3)

1) 2 =[as" s

d
1(b) dﬁ =622+ 14z
x
1(c) y=32° — 207! + 4272 — bz
d 2 8
Y 150t 42072 — 8% — 5 = | 150t 4 — — —
dx x x
L) y— 205+ Lo ? — 309
dy . o -3 -4 _ @2 1 5
dgc—ﬁx —x7° + 5z 6$_x3+x4
1(e) y = §2°° + 5a?
dy 4 )
7y = 87 05 + 1522 = —8f+15:1:
1(f) y=222—-8r+4a* -1
dy _ _10,-3 10
de 3% — 8+ 162° 30 8 + 162
1(g) y =62 — ga7!
dy 4 4
[ 18 72 18 2 o
dx v + z°+ 5x2
1(h) y = 522 — 2z + 320°
dy 3
10z — 2432795 = |10 — 24+ ——
dx Toat T roet 2T
223 7
2(a) y = % 2= 2z — 7z ~2 [divide each term by x|
dy 5 14
ar 24 14x7° =2+ P
2
—4
2(b) y = xoirx — 15 _ 405
x sl
d 2
Y | 5p05 _ 9,05 _ 3 ~ 2
dx 2 NG
2(c) y=22"+ 30— 1+ 327"
dy 4 _ 2.2 4 2
A A i b v
2(d) y = (22 + 3)? = 2% + 622 + 9 [expand first]

d
3(a) ﬁ = (2023 — 622 + 6

3(b) y=4z75 -3z

dy
de

dy
3(C) %

20

—20276 + 31:72 =|-=
x

3
212

[z o]

6

3(d) y = 20— ! + 60709
dy 5 3 3
2 94 3,2 _gp-15 |94 2 2
dr + 3z 3z + pre Rl
3(e) y =5 — 4z + 62°°
dy 3
4432705 = -4+ —

qr + 3z + NG

dy 5 - _ 3
3(F) o =—3(-06)27 10 =150 =| o5
3(g) y = 2a3
d 1 1 :
d—z:%gﬁ:m: 2z
3(h) y=2z"*+ 2% -3
dy — 1 8 X
i S i
3(3) y =422 -2+ 5271
dy s 5
3() y =382 -2z a1
dy 2 3
2 =6x 4202152720 =|6x + — —
dw 0T ! Tt 2V/2%
3(k) y=a? — 627! + 927 [expand first|
d
Y 9p 4+ 6272 — 3625 =| 22 +E, 36
dx 25

Section 2 — Chain rule (Questions 4—6)

4(a) 2(4)(3z — 1)*(3)

4(b) 2(6) (£ +3)° (1)
4(c)

4(1553 —

3 25”)3 (xg - 2) =

24(3z — 1)3
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4(d)

d , 0.
(32460 —1)"" = § (3a% + 62— 1) "7 (62 +6)

B 3z +3 B 3(z+1)
V322 + 6z —1 V322 +6x—1

4(e)

% (1252 +1) " = -3 (a2 =5z +1)"" (22 —5)

—3(2x — 5)
(2 — bz +1)4

d L _2
5(a) o (207 +5)) =4 (20 +5) (42
X
4x
33/ (222 + 5)?

5(b) % 4(20%+1)"° =41 (2% +1)7% (62?)

1222
223 + 1
5(c)

% (1442 —222) " = 4 (1 + 42— 202) " (4 — 4a)

16(z — 1)
(1 + 4z — 222)5

5(d) % 15 (34 522) " = —15 (3 4 522) > (10z)

150z
(3 4 522)2

6(a) - 4(2—32)7% = §(-2)(2— 30)(~3)

24 8
9(2 —3x)3 | 3(2 - 3x)3

xr — 2

—0.5

6(c) [r is a constant]

4(20°~3w+m)3(627—3) =| 12(22% — 1)(22° — 3z + )’ |

6(d) % (295 +2) o2 (295 +2) -3 (L2=05)
1
NANES:

Section 3 — Product rule (Questions 7-9)

u=xz+2 ‘ v=(x—1)°"5
7(3)@_1 ‘ B 1 q)0s
dx de 2 v
@ _ 0.5 1 _ —-0.5
== D))+ (@ +2) 5 - 1)
Lo )R - 1)+ (4 2] =
2 2V — 1
7(b) o= @ota
du ‘ O s
=1 | =520 3700
Zﬁ = (22 +3)05(1) + 2(2x + 3)05
X
B 3(x+1)
=(2c+3)7%%[(2z +3 =
(2z + 3) [(2z + 3) + z] N
7(@) u =2z ‘ v=(1-2%)0°
¢ du dv 3\—0.5 2
S TR
Z—y = (1 —a3)%5(2) + 22 - L(1 — 23)705(—322)
X
- 2 — 523
=(1-2%)"[2(1 —2%) - 32%] = N
7(d) u=a?-o | v=(@+3)
du ‘ v .,
=21 | o =5(+3)
d—i:(x+3)5(2x71)+(x27x)~5(:17+3)4

= (z+3)* [(z +3)(2z — 1) 4 52” — 5z
= (z +3)* [222 + 5z — 3+ ba? — ba| =

|z +3)"(72° - 3)|

u =3 ‘ v=(4—1x)°
8

du ‘ dv 4
&y _

W (41— 2)5(32%) 4 23(-5)(4 - )"
=2%4—-2)*[3(4 —z) — 5x) = 2%(4 — 2)*(12 — 8x)

= 42%(3 — 22)(4 — )%,
u=3r+1 ‘ v=(z—2)"
SR R TR
% (3 + 1)y 2]
=3z -2 +@Bx+1) 5(z—2)70°
= L(x—2) 05 [6(x — 2) + 3z + 1] = 29%

p

9, q:fll‘
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Section 4 — Quotient rule (Questions 10—-12)

u=x+5 ‘ v=(3z —2)"°

8

10
(2) 75 ‘ W g )-05(3
2

de dzx

dy (32 -2)°%(1) = (z+5)- (32 —2)~"

5

dr 3x—2
13z —2)705 [2(3x — 2) — 3(x + 5)]

3r—2

3z — 19
2,/(3z — 2)°

u = 4z? v=(222+41)"5

10(b)
o=

‘ dv
T

dx
dy

— =1(222+1)7%%(4a

)

(222 +1)%5(8z) — 42? - 22(22% +1)705

dx 222 + 1

(222 4+1)795 [8z(222 + 1) — 827

8z3 + 8z

20241 B
| 8x(2?+1)
(222 +1)3

= g2 ‘ v=3r+2
u ‘ dv
T

u
dr dr

(222 + 1)1

dy (3 +2)(27) — 2*(3)  3a?+4x

x(3z +4)

dz (3z 4 2)2 Bz +2)2

(3z + 2)2

(@) u=ux v=(2%+9)%°

10

du dv

= =1 o7 1,2 —0.5 2
dx dz 2 (27 +9)77(22)

dy (22 +9)05(1) — 2 - 2(2? +9)70°

dz 249

(22 +9)~05 [(332 +9)— $2] B 9

249

@ +9)

u=2xr+95 ‘ v=a2+3

Wae ‘ v
dz dx
d [2z+5 (22 4+ 3)(2) — (22 + 5)(27)
dx [x2+3] - (2% + 3)2
_ 222 +6 — 422 — 10z _ 6 — 10z — 222
N (22 + 3)2 (22 4 3)2
\a: -10, b:—z\
u= (2% +4)%° ‘ v =2
12 1(..2 —0.5 dv
%zi(x +4)7%°(2x) ‘ %:2
dy  2x-x(x?+4)7%% — (2% +4)%5(2)
de (2x)2
(z? +4)705 [222 — 2(2? + 4)] -8
B 42 C 4a?V/a? 14
-2 k=2
N
Section 5 — Tangents and normals (Questions
13-15)

1
13(a) At = = 3, gradient of tangent = —1 + (—) =7

7
3k—2=17,

13(b) At (2, 5): Zi —3(2)—2=4

y =4x 4 ¢; sub (2,5): ¢ = —3.

14 Sub y = 0: 22 — 9 = 0, = £3; on the negative
x-axis, x = —3, so N(=3,0).

d
y:%x—%x_l; %:%—Fgm 2
d
When z = -3, ﬁz%—l—%:l; gradient of normal
=-1
y=—-x+c¢sub (-3,0): c=-3. |[y=—-x—3
dy -8

15y=dz—272% Yo _gu_923=__—°_

Y (2 ) dx (@ ) (x—2)3

y = x + k has gradient 1. The normal has gradient 1,
so the tangent has gradient —1 +1 = —1.

-8
7@_2)3:—1; (x—23=8 2-2=2;, x=4
YT a- T

Sub (4,1)intoy=xz+k: 1 =4+k,

© The Math Lab | For enrolled students only | Do not reproduce or distribute





